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Context 
• CAN WE LEARN CONTROLLERS? 

? complex systems; uncertain environment 

? absence of frst-principle models 

? abundance of data 
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LTI dynamics:
dx(t)

dt
= Ax(t) + B u(t), x(0) = x0

quadratic cost: Ex0

� Z ∞

0

�
xT (t)Qx(t) + uT (t)Ru(t)

�
dt

�
A, B – model parameters

Q, R � 0 – state and control weights

A case study: LQR problem 

minimize quadratic cost 

subject to linear dynamics 
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State-feedback H2 problem 
• OPTIMAL SOLUTION 

? linear feedback policy 

u(t) = −K? x(t) 

Riccati-based characterization 

AT P + PA − P B R−1BT P + Q = 0 

K? = R−1BT P 
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Model-free reinforcement learning 
• LEARN FEEDBACK POLICY BY OPTIMIZING OVER K 

minimize f(K)
K 

• QUESTIONS 

? convergence properties (lack of convexity) 

? statistical properties (lack of models) 
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GRADIENT DESCENT FOR LQR

? linear convergence: over the set of stabilizing K

Kk+1 = Kk − αrf(Kk)

Our contributions 
• GRADIENT FLOW DYNAMICS FOR LQR 

? exponential stability: over the set of stabilizing K 

dK(t) 
= −rf(K(t))

dt 
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Our contributions 
• RANDOM SEARCH METHOD FOR LQR 

convergence and sample complexity 

linear convergence: over the set of stabilizing K 

logarithmic complexity: wrt the reciprocal of accuracy 

with high probability 

Mohammadi, Zare, Soltanolkotabi, Jovanović , arXiv:1912.11899 

IEEE TAC (in press) 
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�� 	

Linear convergence of gradient descent 

SMOOTHNESS 

K ∈ Sa ⇒ kr2f(K)k2 ≤ L 

GRADIENT DOMINANCE 

K ∈ Sa ⇒ krf(K)k2 
F ≥ µ (f(K) − f(K?)) 

• SUB-LEVEL SET OF THE LQR COST � 
Sa := stabilizing K f(K) ≤ a 

Fazel, Ge, Kakade, Mesbahi, ICML ’18 

Mohammadi, Zare, Soltanolkotabi, Jovanović, IEEE CDC ’19 
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LQR gradient fow dynamics 

RANDOM SEARCH METHOD FOR LQR: 
convergence and sample complexity 
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Model-free setup 
• GRADIENT IS NOT AVAILABLE 

? can only access random function values 

K, x0 simulation fx0 (K) 

engine 

? objective function 

f(K) = Ex0 [fx0 (K)] 

x0 – sub-Gaussian 
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⎪⎪
⎪⎪

Random search for model-free LQR 
• EMULATE GRADIENT DESCENT 

K+ = K − αD 

? gradient estimation using random function values 

⎧ 
fx0 (K + rU) − fx0 (K − rU)⎪ U two-point⎨ 2r 

D = ⎪ fx0 (K + rU) − fx̂0 (K − rU)⎩ U one-point
2r 

U – random matrices 
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Random search for model-free LQR 

K, U i , xi 
0 simulation Di 

engine 

? mini-batch gradient estimate 

D = 
1 

NX 
Di 

N 
i = 1 

N – number of samples 
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Main result: linear rate; log complexity 

• THEOREM 

Random search LQR achieves a desired accuracy �, i.e., 

f(KT ) − f(K?) ≤ � 

with high probability, if 

number of iterations T = O (log (1/�)) 

number of samples (per iteration) N = c n (log n)6 

n – number of states 

two-point estimate 

Mohammadi, Zare, Soltanolkotabi, Jovanović , arXiv:1912.11899 
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State-of-the-art for random search LQR 

polynomial sample complexity 

sub-linear convergence rate 

decreasing stepsize 

for �-accuracy one-point two-point 

iterations T O(�−2) O(�−1) 

samples N 1 1 

stepsize α O(�2) O(�) 

Malik, Pananjady, Bhatia, Khamaru, Bartlett, Wainwright, JMLR ’20 
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Our approach 
• ONE-POINT MINI-BATCH ESTIMATE 

? polynomial complexity, linear rate, fxed stepsize 

Fazel, Ge, Kakade, Mesbahi, ICML ’18 
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Our approach 
• OUR APPROACH 

? DON’T control gradient estimation error 

key in our proof 

gradient estimate concentrates with high probability 

(when projected to the direction of the gradient) 

two-point estimate 
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Approximate gradient descent 

hD, rf(K)i ≥ θ1 krf(K)k2 
F 

kDk2 
F ≤ θ2 krf(K)kF 

2 rf(K) 

D 

LINEAR CONVERGENCE WITH FIXED STEPSIZE � 
θ1
2 µ 

�k � � 
f(Kk) − f(K?) ≤ 1 − f(K0) − f(K?)

θ2 L 
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An example 

M1 M2 M9 M10 

m1 
m10 

φ1p1 

u1 u10u2 u9 
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Occurrence with high probability 

rf(K) 

D 

2hD, rf(K)i kDkF0.1≥ |{z} ≤ 35|{z}2 2krf(K)k krf(K)kF Fθ1 θ2 
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Linear convergence 

f
(K

k
) 
−

 f
(K

?
) 

f
(K

0
) 
−

 f
(K

?
) 

GD on h(Y ) 

GD on f(K) 

dddddd 

iteration index k 
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LQR gradient fow dynamics 

GRADIENT FLOW DYNAMICS FOR LQR: 
global exponential stability 
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• SET OF STABILIZING FEEDBACK GAINS

S :=
�
K A − BK is Hurwitz

�� 	

Challenge: lack of convexity ( � � 
trace (Q + KT RK) X(K) , K ∈ S 

f(K) = 
∞, otherwise 

Z ∞ Z ∞� � 
(A − BK) t Ωe(A − BK)T t dtX(K) = Ex0 x(t)x T (t) dt = e 

0 0 � � 
Ω := E x0x0 

T � 0 
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• GLOBAL CONVERGENCE PROPERTIES

? discrete-time LQR

Fazel, Ge, Kakade, Mesbahi, ICML ’18

? continuous-time LQR

Mohammadi, Zare, Soltanolkotabi, Jovanović, IEEE CDC ’19

Objective 

ANALYSIS OF GRADIENT FLOW/DESCENT 

dK(t) 
= −rf(K(t))

dt 

K+ = K − α rf(K) 
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Key known properties 

unique critical point: rf(K?) = 0 

lim f(K) = +∞coercivity: 
K → ∂S/∞ 

Toivonen, Int. J. Control ’85 
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⇓

lim
t→∞

K(t) = K? for all K ∈ S

asymptotic stability on S

Gradient fow dynamics 
dK 

= −rf(K)
dt 

• OBJECTIVE ERROR IS A LYAPUNOV FUNCTION 

K ∈ S\{K?} & coercivity of f 

⇓ 

V (K) = f(K) − f(K?) > 0 

V̇ (K) = − krf(K)kF 
2 < 0 
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V̇ (K) = − krf(K)k2 
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? an example: strongly convex objective function

r2f(K) � ρ

2
I

Exponential stability 
• POLYAK-LOJASIEWICZ CONDITION 

? gradient dominance 

krf(K)k2 
F ≥ ρ (f(K) − f(K?)) 

⇓ 

V̇ (K) ≤ −ρ V (K) 
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Exponential stability 
• POLYAK-LOJASIEWICZ CONDITION 

? gradient dominance 

krf(K)k2 
F ≥ ρ (f(K) − f(K?)) 

⇓ 

V̇ (K) ≤ −ρ V (K) 

? an example: strongly convex objective function 

r 2f(K) � 
ρ
I 

2 
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? change of variables: KX =: Y

Convex re-parameterization 

� � 
minimize trace (Q + KT RK)X 

X, K 

subject to (A − BK)X + X(A − BK)T + Ω = 0 

X � 0 closed-loop stability 
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Convex re-parameterization 
h(X,Y )z }| {� � 

minimize trace (QX) + trace R Y X−1 Y T 

X, Y 

subject to (AX − B Y ) + (AX − B Y )T + Ω = 0 

X � 0 

Schur complement ⇒ SDP characterization 

Feron, Balakrishnan, Boyd, El Ghaoui ’92 
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Our approach 

? express X in terms of Y 

X(Y ) = A−1(B(Y ) − Ω) � 0 affne function of Y 

A(X) = AX + XAT 

B(Y ) = B Y + Y T BT 

write f(K) as a convex function of Y � � 
h(Y ) = trace (QX(Y )) + trace RYX−1(Y ) Y T 

29 / 36 



Our approach 

GRADIENT FLOW OVER THE CONVEX LANDSCAPE 

dY (t) 
= −rh(Y (t))

dt 
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 �

Key property 

• STRONG CONVEXITY OVER THE SUB-LEVEL SETS 

? Hessian 
2 

hG, r2h(Y ; G)i = 2 R 
1 
2 (G − KA−1(B(G)))X− 1 

2 

F 

⇓ 

G, r 2h(Y ; G) ≥ ρ(a)kGk2 
F for all Y ∈ S̃  

a 

? sub-level sets of h 

S̃  
a = {Y ∈ Rm×n | X(Y ) � 0, h(Y ) ≤ a} 
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properties of K̇ = −rf(K)?

convergence guarantee 

˙EXPONENTIAL STABILITY OF Y = −rh(Y ) 

for any initial condition Y (0) ∈ S̃  
a 

h(Y (t)) − h(Y ?) ≤ (h(Y (0)) − h(Y ?)) e−ρ(a)t 
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Relating convex and non-convex landscapes 

convex function h(Y ) = non-convex function f(K) 

dY dK 
= −rh(Y ) = −rf(K)

dt dt 
←
−

 

←
−

 

Y (t) K(t) 

Mohammadi, Zare, Soltanolkotabi, Jovanović , arXiv:1912.11899 
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Ongoing effort 
• SPARSITY-PROMOTING RL ⎤⎡⎤⎡⎤⎡ 

u1(t) ∗ ∗ x1(t) ⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎥⎥⎦ 

= − 

⎢⎢⎢⎢⎢⎢⎣ 

⎢⎢⎢⎢⎢⎢⎣ 

⎥⎥⎥⎥⎥⎥⎦ 

u2(t) 

u3(t) 

u4(t) 

∗ ∗ ∗ 
∗ ∗ ∗ 
∗ ∗ 

x2(t) 

x3(t) 

x4(t) 

u5(t) ∗ ∗ ∗ x5(t)| {z 
K 

} 

• OUTPUT-FEEDBACK RL 

y u 
plant 

⎥⎥⎥⎥⎥⎥⎦ 

dynamic 
controller 
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