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Feedback-based Optimization
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Online Optimization as Feedback Control
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A Sample of Works

System as algebraic map:

e [Bolognani et.al.'13] Static, applications to voltage control

e [Bernstein et al'14] Online gradient, applications to voltage control

o [Dall’ Anese-Simonetto'16] Online primal-dual, application to voltage control
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e [Bernstein et al'14] Online gradient, applications to voltage control

o [Dall’ Anese-Simonetto'16] Online primal-dual, application to voltage control

Dynamical system model:

e [Jokic et al'09]: Static cost, KKT controller

e [Brunner et.al.’12]: Input affine systems, static cost, outp constraints

e [Colombino et al'18]: LTI systems, time-varying cost, exponential ISS

e [Lawrence et al'18]: LTI systems, static cost, joint stabilization + optimizat.
e [Menta et al'19]: LTI systems, static cost, power system application

e [Hauswirth et al'20]: Nonlinear sys., static cost, asymptotic stability

e [Bianchin et al’'20]: Switched LTI, time-varying, E-ISS, hybrid Nesterov

e [Bianchin et al’21]: LTI systems, time-varying, projected primal-dual, E-ISS
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A Sample of Works

System as algebraic map:

e [Bolognani et.al.'13] Static, applications to voltage control

e [Bernstein et al'14] Online gradient, applications to voltage control

o [Dall’ Anese-Simonetto'16] Online primal-dual, application to voltage control

Dynamical system model:

e [Jokic et al'09]: Static cost, KKT controller

e [Brunner et.al.’12]: Input affine systems, static cost, outp constraints

e [Colombino et al'18]: LTI systems, time-varying cost, exponential ISS

e [Lawrence et al'18]: LTI systems, static cost, joint stabilization + optimizat.
e [Menta et al'19]: LTI systems, static cost, power system application

e [Hauswirth et al'20]: Nonlinear sys., static cost, asymptotic stability

e [Bianchin et al’'20]: Switched LTI, time-varying, E-ISS, hybrid Nesterov

e [Bianchin et al’21]: LTI systems, time-varying, projected primal-dual, E-ISS

This work: Unknown LTI systems, unknown disturbances,
data-driven control synthesis, exponential ISS
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System Model

Linear plant with unknown (A, B,C, D, E)

Tp+1 = Az + Buy + Ewy, ux € R™ — Control input
yr = Cxp + Dwy, wg € R™ — Unknown, with distrib. Wy
yr € RP — Output
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System Model

Linear plant with unknown (A, B,C, D, E)

Tp+1 = Az + Buy, + Ewy, up € R™ — Control input
wg € R™ — Unknown, with distrib. Wy

yr = Cxp + Dwy,
yr € RP — Output

(As.) System: Controllable + Observable + A is Schur stable
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System Model

Linear plant with unknown (A, B,C, D, E)

Tp+1 = Az + Buy, + Ewy, up € R™ — Control input
wg € R™ — Unknown, with distrib. Wy

yr = Cxp + Dwy,
yr € RP — Output

(As.) System: Controllable + Observable + A is Schur stable

= Steady-state output: y = C(I — A) " 'Bu+ (D+C(I — A)"'E)w.
=G =H

Sep. 8, 2021 6 /23
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Problem Formulation

Equilibrium-selection problem:

uj € argmin By, oy, [6(7,7)]

st. y=Gu+ Hwy,
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Problem Formulation

Equilibrium-selection problem:

uyp, € argmin  Ey, oy, [0(a, Gu + Huwy)]
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Problem Formulation

Equilibrium-selection problem:

uyp, € argmin  Ey, oy, [0(a, Gu + Huwy)]

Goal: Design a feedback controller ug11 = C(ug, yx) to drive the input
and output of the unknown system

Tyl = Axy, + Buy + Ewy,
yr = Cxp + Dwy,

to & = (ug, vy), vi = Guj, + Hwy,.
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Problem Formulation

Equilibrium-selection problem:

uyp, € argmin  Ey, oy, [0(a, Gu + Huwy)]

Goal: Design a feedback controller ug11 = C(ug, yx) to drive the input
and output of the unknown system

Tyl = Axy, + Buy + Ewy,
yr = Cxp + Dwy,

to & = (ug, vy), vi = Guj, + Hwy,.

| Stochastic, steady-state regulation problem |

Goal = E[||&x =&l < Bk, [1€0—& 1D+ (sup{ll&E — &1 [1})
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Problem

uyp, € argmin  Ey, oy, [0(a, Gu + Huwy)]
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Problem

uy, € argmin  Ey,, o, [¢(a, Gu+ Huwy)]

(As.)

(i) u— ¢(u,y) is p-strongly convex
(ii) y — o(u,y) is ¢-Lipschitz

(iii) w = V(u,y) is £y -Lipschitz, y — V¢ (u,y) is £y -Lipschitz
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Unknown System

Challenge: G is unknown.

uyp, € argmin  Ey, oy, [0(a, Gu + Huwy)]
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Unknown System

Challenge: G is unknown. Suppose G is an estimate of G; then

uy, € arg mﬁ%n E.,~z. (1) [(ﬁ(ﬂ, Gu + zk)]

zr = (G — G)u + Hwy,
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Unknown System

Challenge: G is unknown. Suppose G is an estimate of G; then
uy, € arg mﬁ%n E.,~z. (1) [(ﬁ(ﬂ, Gi + zk)]
zr = (G — é)ﬂ + Huwy,
Challenges:
(C1) Distribution of z is parametrized by the u [Drusvyatskiy-Xiao'20]
(C2) Zg(u) is unknown; how to design the controller?

(C3) How to obtain G (without estimating A, B, and C)?
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Optimization with Decision-Dependent Distributions

(C1) Distribution of z is parametrized by @
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Optimization with Decision-Dependent Distributions

(C1) Distribution of z is parametrized by @

Definition [Perdomo et al’20]. «;” is a stable optimizer at time & if:
1)’ = argming Ezk(’u7f’) [¢(ﬂ, Gu + 2)]
Moreover, let z° := (I — A)~}(Buf® + Ewy,)
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Optimization with Decision-Dependent Distributions

(C1) Distribution of z is parametrized by @

Definition [Perdomo et al’20]. «;” is a stable optimizer at time & if:
1)’ = argming Ezk(’u7f’) [¢(ﬂ, Gu + 2)]
Moreover, let z° := (I — A)~}(Buf® + Ewy,)

Stable optimizers are optimal with respect to
the distribution they induce
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Optimization with Decision-Dependent Distributions

(C1) Distribution of z is parametrized by @

Definition [Perdomo et al’20]. ;" is a stable optimizer at time & if:
u? = argming  Ez, (. [qb(ﬁ, Gu+ 2)}
Moreover, let z3° := (I — A)~(Bu® + Ewy,)

Stable optimizers are optimal with respect to
the distribution they induce

Prop. If y — ¢(u,y) in Lipschitz and u — ¢(u,y) is u-strongly convex,

then i — ] < %”G al
= pog,(G)
where o2, (G) is smallest singular value of G
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Synthesizing Controllers with Unknown Disturbance

(C2) Zi(u) is unknown; how to design the controller?

If Zi(u) is known: open-loop gradient-based controller:

Wer1 = g — Bz, (o) [Vaud(uk, Gug + 2) + GV é(ug, Guy, + 2)]
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Synthesizing Controllers with Unknown Disturbance

(C2) Zk(a) is unknown; how to design the controller?

If Zx () is known: open-loop gradient-based controller:

et = up — Nz, (1) [Vaud(uk, Gug + 2) + GTV ¢ (up, Guy, + 2)]

Idea: just close the loop!

U1 = uk — N(Vud(uk, yi) + G Vyo(uk, yi))
Tr1 = Azg + Bug + Ewg, yr = Czp + Dwy
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Synthesizing Controllers with Unknown Disturbance

(C2) Z(u) is unknown; how to design the controller?

If Zi(u) is known: open-loop gradient-based controller:

Uk41 = U — T]ngzk(ﬂ) [vugf)(uk, éuk +2Z)+ GTVng)(uk, Guk + 2)]

Idea: just close the loop!

Upi1 = wk — N(Vud(ur, v) + G Vyd(ur, u1))
Ti1 = Az + Bug + Fwg, vy, = Cxp + Dwy

Key features:
e Map Guy + Hwy, replaced by yi. — Online + feedback

e Expectation replaced by one sample — Stochastic gradient
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?

e For signal 2 j1] = (2k - - - 2k47), 26 € R7, define the Hankel matrix:

20 4 N Zg—1
Z1 zZ9 ... Zq
— otxXq
Ztq = . —_— : eR
Zt—1 2t cee Zg4t—2
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?

e For signal 2 j1] = (2k - - - 2k47), 26 € R7, define the Hankel matrix:

20 Z1 e Zg—1
Z1 zZ9 ... Zq
— otxXq
Ztq = . —_— : eR
Zt—1 2t cee Zg4t—2

Def. [Willems et al'05] The signal zg r_q), 21 € R?,Vk € {0,...,T — 1}
is persistently exciting (or sufficiently rich) of order ¢ if Z; ;, has
full row rank ot.
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?

e Assume availability of set of sample data yjo 17, ujo, 7], Wpo,1)
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?

e Assume availability of set of sample data yjo 17, ujo, 7], Wpo,1)

ydiff = (yl — Yo, Y2 —Y1,---, Y1 — yT71)7

e Define diff
w = (w1 — wp, we —wy,..., W —Wp_1),
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Data-Driven Transfer Function

(C3) How to obtain G (without estimating A, B, and C)?

e Assume availability of set of sample data yjo 77, o, 1), Wi 1)

ydifF = (y1 — Yo, Y2 — Y1s---5 YT — Y7—-1),

e Define diff
w = (w1 — wo, we — Wy, ..., Wp — Wp_1),

Theorem. Suppose the inputs are PE of order n + v (v = obs. index).

Letg:=T —v+1. Then:

(i) 3 M eRrRP™: ydifyr— o, WM =0,
UM=1,1I, W, M=0,

(i) G = [Yv,q]z‘M
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Data-Driven Transfer Function (2)

(CH3) How to approximate G, since it depends on (A, B,C)

If disturbance is unknown, WM = 0 and W, ¢M = 0 may not hold
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Data-Driven Transfer Function (2)

(CH3) How to approximate G, since it depends on (A,B,(C)

If disturbance is unknown, WA = 0 and W, ;M = 0 may not hold

Theorem Assume ujg 7_y) and wyg 7_q) are (n + v)-PE.
Let M € RI*™ be such that Y,j'fM =0 and Uv,qM =1,® I,,.
Let G = [V, 4]iM. Then

G-Gc= (0(1 — A)TLE[W, 4l + D[W,.qli + C(I — A)—lc’TD[W,fjgf]i)M
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Synthesizing Controllers with Unknown Disturbance

Interconnected system:

up i1 = up — N(Vud(ur, yi) + G Vyd(ug, yi))
Ti1 = Azg + Bug + Fwg, y = Cxp + Dwy
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Synthesizing Controllers with Unknown Disturbance

Theorem. Let {&;}rez, be a sequence of the interconnected system.
Under the current (As), the following holds for any k£ > 1:

Elllgk+1 = &8l < BE [llux — wll] + BoE [llzx — 23]l]
+ nElllexll] + yalluiy — vl + 73E[§1>118 [Enta gl

= VIt alIG -Gl fe= 3B (1- 1-m3F) +ailC]

N T
m=mn y=1, 7 =max{/ 3G, Ul
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Synthesizing Controllers with Unknown Disturbance

Theorem. Let {&;}rez, be a sequence of the interconnected system.
Under the current (As), the following holds for any k£ > 1:

Elllgk+1 = &8l < BE [llux — wll] + BoE [llzx — 23]l]
+nE(llerll] +2llui, — vl + VsE[igg 2751 — 2]

= VIt alIG -Gl fe= 3B (1- 1-m3F) +ailC]

X(P) 4)ATP
=7 "Y2=1, 3= maX{ iAEQ))’ EA(Q)”}

Corollary: 3 n such that 81,2 € (0,1) and 3 o, > 0,0, > 0:

Efllgr — &0l < ¥ll€o — &°ll + oe supo Elleel]
+ouBlsupss 1652 — &°ll]
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Building Blocks of the Proof

Bounding controller error:
o Let Co(u) :=u —nE,_z@) [VO(u,2)] (true-gradient update)

o Let C(u,y) := u —nV®(u,y) (sample-gradient update)
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Building Blocks of the Proof

Bounding controller error:
o Let Co(u) :=u —nE,_z@) [VO(u,2)] (true-gradient update)

o Let C(u,y) := u —nV®(u,y) (sample-gradient update)

Eljus1 — uPll] < EIC(uk, &) = Cuy (wr, D] + [ICu (s, &) — Cusp (ur, &) |

Gradient Error Distributional Shift Error

F1Cuse (g, 1) — Cuse (i, 0) || + [[Cuse (ur;, 0) = Cuse (ui?, 0) |

System Dynamics Error Contractivity
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Building Blocks of the Proof

Bounding controller error:
o Let Co(u) :=u —nE,_z@) [VO(u,2)] (true-gradient update)

o Let C(u,y) := u —nV®(u,y) (sample-gradient update)

Eljus1 — uPll] < EIC(uk, &) = Cuy (wr, D] + [ICu (s, &) — Cusp (ur, &) |

Gradient Error < et |luk — uy|| “Calmness”

F1Cuse (g, 1) — Cuse (i, 0) || + [[Cuse (ur;, 0) = Cuse (ui?, 0) |

< co||Zk|| “Ease” < esl|u — uy’[| “Contraction”
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Building Blocks of the Proof

Bounding controller error:
o Let Cop(u) :=u —nE,_z@g) [VO(u, 2)] (true-gradient update)

o Let C(u,y) := u — nVd(u,y) (sample-gradient update)

Elllur+1 — ull] < E[IC(un, &) — Cuy (s, ®)I] + [ICu (e, ) — Cuo (i, &) |

Gradient Error < afjur — ui|] “Calmness”

H|Cuse (u, Tx) — Cusp (ke 0) || + |Cugo (g, 0) — Cup (ug?, O) |

< col|Zk|| “Ease” < esljur — uy|| “Contraction”
Bounding plant error (a.s.):

[Zhall < callZrll + s supeso |23, — 27l

“Transient Effect” “Equilibrium Shift"
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Application to Electric Ride Service

Fleet of (electric) vehicles of a ride service provider
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Application to Electric Ride Service

Fleet of (electric) vehicles of a ride service provider
e Elasticity of the demand: d;/ =4, (1 — v %)

e |dle-vehicle occupancy in region i at time k: x}c € Ry

e Travel time from i to j: ;)"
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Application to Electric Ride Service

Fleet of (electric) vehicles of a ride service provider

e Elasticity of the demand: dJ = 5,? (1 — 9”%2;1)

e |dle-vehicle occupancy in region ¢ at time k: x}e € Rxo

e Travel time from ¢ to j: ;)"

e i i el o ij
Dynamics: x},, = 7}, — Zjev a;jT), + Zjev ;i Ty, Zjev dy,
k—1

+ Z Z oIR T @It

jeV r=k=T

—apt
—U,k
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Application to Electric Ride Service

Fleet of (electric) vehicles of a ride service provider

Problem
: ij 7ij ij 7ij ch |2
min ZE cdY —pdY + ollx — 2|7,
e i€V jEV
s.t. 0=-— Z aijxi + E ajixj — Zd” + w};,

JjeEVY JeEY JjEV
d7 =67 (1-6"pY /pil.,)
d7 >0, 28>0, Vij,eV,

Sep. 8, 2021
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Boundedness of the Error

e :gHm]l ~uf]
—_— E[Hwk-H -l

——— Theoretical Bound 10°
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Application to Electric Ride Service
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Conclusions

e Stochastic gradient as feedback controller for LT| systems
e Estimate of the steady-state transfer function using recorded data

e Estimates for the error evolution and E-ISS in expectation
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Conclusions

e Stochastic gradient as feedback controller for LT| systems

e Estimate of the steady-state transfer function using recorded data
e Estimates for the error evolution and E-ISS in expectation

e Application to EV fleets for ride sharing

e Future app: electrified transportation and autonomous energy systems
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Conclusions

e Stochastic gradient as feedback controller for LT| systems

e Estimate of the steady-state transfer function using recorded data
e Estimates for the error evolution and E-ISS in expectation

e Application to EV fleets for ride sharing

e Future app: electrified transportation and autonomous energy systems

Thanks!
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	[0,T −1]
	σ 

	E. Dall’Anese (CU Boulder) Sep. 8, 2021 13 / 23 
	Online Stochastic Optimiz. of LTI Systems 

	Data-Driven Transfer Function 
	ˆ
	• 
	• 
	• 
	Assume availability of set of sample data y, u, w
	[0,T ]
	[0,T ]
	[0,T ] 


	• 
	• 
	Assume availability of set of sample data y, u, w
	[0,T ]
	[0,T ]
	[0,T ] 



	E. Dall’Anese (CU Boulder) Sep. 8, 2021 14 / 23 
	Online Stochastic Optimiz. of LTI Systems 

	Data-Driven Transfer Function 
	ˆ
	diff 
	y := (y− y,y− y,..., yT − yT −1), 
	1 
	0
	2 
	1

	• Define 
	diff 

	w := (w− w,w− w,..., wT − wT −1), 
	1 
	0
	2 
	1

	E. Dall’Anese (CU Boulder) Sep. 8, 2021 14 / 23 
	Online Stochastic Optimiz. of LTI Systems 

	Data-Driven Transfer Function 
	ˆ
	• Assume availability of set of sample data y, u, w
	[0,T ]
	[0,T ]
	[0,T ] 

	diff 
	y := (y− y,y− y,..., yT − yT −1), 
	1 
	0
	2 
	1

	• Define 
	diff 

	w := (w− w,w− w,..., wT − wT −1), 
	1 
	0
	2 
	1

	Theorem. Suppose the inputs are PE of order n + ν (ν = obs. index). Let q := T − ν +1. Then: 
	diff diff 
	(i) ν,q ν,q Uν,qM = 1ν ⊗ Im,Wν,qM =0, 
	∃ M ∈ R
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	: 
	Y
	M =0,W
	M =0, 
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	(CH3) How to approximate G, since it depends on (A, B, C) 
	If disturbance is unknown, W =0 may not hold 
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	If disturbance is unknown, W =0 and Wν,qM =0 may not hold 
	diff 

	ν,q 
	M 

	Theorem Assume uand ware (n + ν)-PE. 
	[0,T −1] 
	[0,T −1] 

	ˆ q×mν ˆˆ
	M
	∈ R

	Let be such that Y M =0 and Uν,qM = 1ν ⊗ Im.
	diff

	ν,q Let G=[Yν,q]iM. Then 
	ˆ
	ˆ 

	.. 
	−1−1†diff 
	C(I − A)
	E[W
	ν,q
	]
	i 
	+ D[W
	ν,q
	]
	i 
	+ C(I − A)
	C
	D[W 

	G − G = M
	ν,q i 
	ˆ 
	]
	ˆ 

	E. Dall’Anese (CU Boulder) Sep. 8, 2021 15 / 23 
	Online Stochastic Optimiz. of LTI Systems 

	Synthesizing Controllers with Unknown Disturbance 
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	so so
	E[kξk+1 − ξk] ≤ βE [kuk − uk]+ βE [kxk − xk] 
	k 
	so 
	+1
	1
	k 
	2
	k 

	so so soso
	+ γE[kekk]+ γku− uk + γE[sup kx− xk] 
	1
	2
	k+1 
	k 
	3
	t+1 
	t 

	t≥0 
	r 
	.. 
	(Q)
	λ(P ) λ

	β= 1 − ηµ + η`kG − Gk β= 1 − (1−κ) + η`kCk
	1 
	√ 
	ˆ
	r
	ˆ
	2 
	¯ 
	¯ 
	ˆ
	r

	(P ) 
	λ
	λ(P ) 

	q 
	4kAP k
	2λ¯(P )
	T

	γ= η, γ=1,γ= max{ , }
	1 
	2 
	3 

	κ(Q) 
	λ
	κ
	λ
	(Q) 
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	Corollary: ∃ η such that β,β∈ (0, 1) and ∃ σe > 0,σx > 0: so kso
	1
	2 
	E[kξ
	k 
	− ξ
	kξ
	0 
	− ξ

	k] ≤ c supEketk]
	t≥0 

	k 0 e 
	k + σ

	so
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	+σxE[supkξk]
	t≥0 
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	Bounding plant error (a.s.): 
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